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Transport Coefficients are Increasingly Important

= At high temperatures, transport is more important: the plasma is more kinetic.

= How do we assign confidence in our knowledge in the values of the transport
coefficients?

Black is Euler hydrodynamics; color extends to generalized Navier-Stokes.
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Transport Model Comparisons

Workshops in 2020 and 2024 explored a wide range of
models across wide ranges of materials, temperatures,
densities and processes/coefficients.
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M = {ml,mg,...,mK}

Models were diverse: kinetic theory, average atom, MD, density
functional theory, etc.
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Standard Model Selection (Data Science)

Model selection is a formal process for considering a set of candidate models Mand choosing the best one
using data.

But what does "best" mean?

A model that fits the data well but has many parameters may be overfitting; a parsimonious model may
underfit. The best model balances goodness-of-fit against complexity.

Criteria such as the AIC (Akaike Information Criterion) and BIC (Bayesian Information Criterion) quantify this
tradeoff.

* AIC applies a fixed penalty of 2 per parameter. It is grounded in information
- theory—specifically, it approximates the Kullback-Leibler divergence between
AIC — Zk' — 2 1n<L) the fitted model and the unknown true distribution. AIC tends to favor more
complex models and is aimed at finding the best predictive model.

A

BIC = k' ln(n) — 2 ln(L) « BIC penalizes by In(n) per parameter, so the penalty grows with sample size. It
derives from a Bayesian perspective as an approximation to the log marginal
likelihood (model evidence). BIC is more conservative and tends to select

simpler models, especially for large n.
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ABAC U S Roa d ma p ABACUS = Averaged Bayesian

Approach Combining
The Problem: Uncertainty and Subjectivity

* There is no best model to select.
* We have sparse experimental data in extreme regimes.
* Human insight can carry more weight than equations.

Delphi W ok (X) > Bayesian Model < filter A ( Occam’s
Method | Averaging | Window

T* (X) + O+total (X)

Component Purpose Provides
Bayesian Model Averaging Principled model combination = Weighted estimates + total variance

Delphi Method Elicit expert knowledge Prior probabilities + uncertainties

Occam’s Window Manage model complexity Focused model subset
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Bayesian Model Averaging (BMA): The Mathematical Framework

Consider the set M of K models: M — {’]’)’Ll7 m27 S mK} with data D

The probability the transport coefficient has value 7 is given by an average over all models.

K
p(r|D,x) =Y p(7|D, my, x) - p(my|D, x)
k=1

The expected value 7%0f the transport coefficient is obtained from: "

E[r|x] = /7’ - p(7|D,x) dr
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Variances in BMA
Var(r|x) = E|Var(r|my)| + Var(E[r|my])

Withir:rmodel betwe;rimodel
E|Var(t|my)] Z o (X) - p(mg|x)

Mw

Var(E|T|mg]) - p(mg|x)

Sy
I
[T

”/
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We have a Major Problem!

HEDP transport coefficient data is extremely sparse in
temperature-density-species space.

Mathematically, the
This is particularly acute for HEDP

p (D ‘ 45% X) applications that span variations in
Y

X beyond known datasets.

are very poorly known.

How do we assign uncertainty to a model in the complete
absence of data?

3/2/26 Murillo: ABACUS 8



ri\ MICHIGAN STATE UNIVERSITY

The Delphi Method: Structured Expert Consensus

Round 1: Independent assessments

[Aggregate & anonymize]

2599

Round 2: Revise with group insight

v

[ak (x) for each model]

RAND Corporation, 1950s: How do you forecast when data
doesn't exist? Ask experts — but avoid groupthink.

03§t

Aggregate & Y
anonymize Final
Share results Anonymous

T~

Assign 0

Independent || Rank models

Revised Informed b
assessments Qualitative feedback | | K- Y
assessments Round 1 consensus
| e

Y

aggregation
| S —

Y

A No groupthink h 4
ok(x) for
each model

with panel
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Occam’s Window

D Kinematic Viscosity
_(p=100.0 g/cm3) )

. ~— Murillo
Some models should not be included. 107 : & — Murlo (udo)
10°/ ~— Chapman-Cowling
3 & Tw

In fact, certain classes of models might = mn WA

. £ 101.
be ruled out: g

= 10-1-
« use incorrect interparticle potentials 103
* Neglect quantum mechanics o5
« atomic physics (e.g., MIS) o B T S R e T

- diffractive scattering T [keV]
Evaluation of Plasma and Warm Dense Matter Transport

. 0 0
Pau II eXCI usion Coefficient Models for High Energy Density Applications

High Energy Density Science Seminar
Oleg Schilling
Lawrence Livermore National Laboratory

22 February 2024
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Delphi Prompts

For these § plasma states,

(1) rank and window the models,

S = {Xl,Xg,...,XL} /\/l’:{mk: p(m |D,x) )>c}

max; p(m;|D,x

(2) assign an uncertainty to the models,

2 = {0%,03,...,0%}

(3) discuss your logic
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ABACUS: Integrating BMA with Expert Knowledge

L exp(—A-ranky (x))
p(mk‘x) - 2?21 eXp(—)\-rankj (X)) Method 1
l/or(x
p(mkz‘x) — / k( ) Method 2

2521 1/o¢(x)
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ABACUS Prediction(s)

Rankings: p(mg|x) =

6—)\ ranky /O-I%

Combined: p(mg|x) =

— Z€ e_Aranke/O-?

3/2/26 Murillo: ABACUS 13



r‘\ MICHIGAN STATE UNIVERSITY

Summary and Discussion

3/2/26

The Problem:

« ~18 TCCW models, order-of-magnitude disagreements
« Sparse experimental data in extreme regimes
* How to choose? How to quantify uncertainty?

Componn g

BMA
Delphi

Occam's Window

Principled weighted averaging

Expert-derived 0y(x) = p(my/[x)

Exclude inapplicable models

Contact me!
murillom@msu.edu
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Back-up Slides
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BMA: Three Intuitive Approximations

Prior Dominates (Weak data): p(mg|D,x) =~ p(mg|x)
Z ‘mka (mk,x)

Type I MAP: 7* = E|[r|mumap, X|
myap = arg max p(mg|D, x)
M

p(mg|D, x) = p(D|my, x) - p(my|x)

Type I MLE: 7" = E|r|mMmLE, X] T EiLp(Dlmg,x) -plmsl)
P i o
My
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Special Case: K=2

i p(Dm1, x)
p(m1|D,x) = p(D|ma,x) + p(D|ms, x)
BFio
DN =B
p(m1|D, x) BFi2 +1
BFlz(X) i p(D|m1,X)

p(D|ma, x)
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Special Case: K=2
7"(x) = B - E|r/m1]| + (1 — B) - E[7|ms]

Var(7|D,x) = Bo? + (1 = B) o5 +B(1 — B)(u1 — p2)?
Withir:—rmodel betwe(;nr—model

Table 2: Physical interpretation of between-model variance in the two-mc

Table 1: Limiting behavior of the two-model BMA estimate.

case.

BFy, B R*esult . Scenario Between-model variance
—o0 —1 77— E[T|m1] (mOdel 1 domlnates) B= % (models equally supported) Maximum
=1 = %  a— %(E[Tlml] I E[’r‘mz]) (equal B — 0 or B — 1 (one model dominates) Zero
weight) w1 ~ pe (models agree) Small

—0 —0 71— E[r|ms] (model 2 dominates) p1 7 pp (models disagree) Large
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Limiting Cases

No data, equal priors:

=% Zle T, 00 =% 235:1(77C e

With expert weights only:

K
SN s where (TR >
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BIC: Bayesian Information Criteria

p(Dlmy) = / p(D16k, m) - p(Bilm) db

In p(D|my,) & In p(D)by, my,)

BIC = —21np(D\6’Ak, my) + di Inn
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Agreement Metric

Kendall's 77 measures agreement:

Symbol  Definition
Ry Sum of ranks for model k across all experts
N(K +1)
2

Expected mean rank sum =

R
N Number of experts
K

Number of models

W Interpretation

0 No agreement (random)
0.1-0.3 Weak agreement
0.3-0.5 Moderate agreement, Example:
0.5-0.7 Good agreement Tl\:;)del Explertl Exp;rtZ Explert3 Row srm Ry,
0.7-0.9 Strong agreement « : . ‘ 0
1 Perfect agreement ma 1 4 3 11
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